JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org. In this paper, we develop several consistent tests in the context of a nonparametric regression model. These include tests for the significance of a subset of regressors and tests for the specification of the semiparametric functional form of the regression function, where the latter covers tests for a partially linear and a single index specification against a general nonparametric alternative. One common feature to the construction of all these tests is the use of the Central Limit Theorem for degenerate U-statistics of order higher than two. As a result, they share the same advantages over most of the corresponding existing tests in the literature: (a) They do not depend on any ad hoc modifications such as sample splitting, random weighting, etc. (b) Under the alternative hypotheses, the test statistics in this paper diverge to positive infinity at a faster rate than those based on ad hoc modifications.
INTRODUCTION RECENTLY, NONPARAMETRIC FUNCTIONAL ESTIMATION TECHNIQUES such as kernel
and series methods have been used to construct consistent model specification tests.2 These include tests for a parametric model versus a nonparametric model, tests for the significance of a subset of regressors in a nonparametric regression model, and tests for a semiparametric (partially linear or single index) model against a nonparametric altemative. For example, Fan and Li (1992a), Hardle and Mammen (1993) , Hidalgo (1992) , and Lee (1994) have developed consistent tests for a parametric specification by using the kernel regression estimation technique; Eubank and Spiegelman (1990), Hong and White (1995) , and Wooldridge (1992) have applied the method of series estimation to consistent testing for a parametric regression model; consistent tests for omitted variables were considered by Hidalgo (1992) and Gozalo (1993) , among others; Lavergne and Vuong (1996) proposed a method to select between two sets of regressors using kernel estimators; Whang and Andrews (1993) and Yatchew (1992) have developed consistent tests for a partially linear model versus a nonparametric alternative; consistent tests for a single index specification have been presented in Chen (1992) and Rodriguez and Stoker (1992) .
The first group of papers that make use of nonparametric estimation techniques in developing consistent tests for a parametric functional form such as Hidalgo (1992) , Lee (1994) , and Wooldridge (1992) Robinson (1991) discussed the application of a form of nonstochastic weighting which is equivalent to a form of sample splitting, Hidalgo (1992) introduced random weighting, and Gozalo (1993) used a random search procedure.3 These ad hoc modifications are introduced in the aforementioned studies in order to overcome the so called "degeneracy problem": an appropriate estimator of some measure of the distance between the models to be tested under the null hypothesis approaches zero at a rate faster than n -1/2, where n is the sample size. As a consequence, when normalized by n /2, the estimator of the chosen measure does not have a well-defined limiting distribution under the null hypothesis. This degeneracy problem is caused by the fact that the estimator of the chosen measure contains in its expression some degenerate U-statistic which vanishes at a rate faster than n 1/2. Without modifying this estimator, its asymptotic distribution under the null hypothesis would be determined by the degenerate U-statistic. In the papers we just cited, ad hoc modifications are employed such that the asymptotic distribution of the estimator of the chosen measure in each of these papers is determined by a random term that is of a larger order than the corresponding U-statistic. However, rather than introducing ad hoc methods to avoid the degeneracy problem, it seems natural, as in recent papers on consistent tests for a parametric functional form mentioned earlier, to exploit this special property by invoking the CLTs for degenerate U-statistics (of order possibly higher than two) to 3Recently Lavergne and Vuong (1996) The remainder of this paper is organized as follows. We introduce the nonparametric regression model and the hypotheses to be tested in Section 2. Section 3 constructs a consistent test for omitted variables in the context of the nonparametric regression model introduced in Section 2. Section 4 presents respectively a consistent test for a partially linear specification and a consistent test for a single index specification of the regression function. The last section concludes and offers some suggestions for further research. Appendix A contains proofs of the main results in Sections 3 and 4. Appendix B contains some technical lemmas that are used in the proofs of Appendix A. In particular, it contains an extension of the CLT in Hall (1984) for degenerate U-statistics of second order to degenerate U-statistics of any finite order. This is useful because the test statistics to be constructed in this paper involve degenerate U-statistics of order higher than two.
Throughout the rest of this paper, all the limits are taken as n -* oo. Ej i= EJ% 1,Ej * i = E% i,j= 1, etc.
THE MODEL AND THE HYPOTHESES
Consider the nonparametric regression model: Since Robinson (1988) 
CONCLUSIONS
We have proposed consistent tests for a partially linear regression model and an index model. In addition, we have developed a consistent test for omitted variables in a nonparametric regression model without specifying its functional form. These tests are constructed by invoking the CLT for degenerate Ustatistics of order higher than two. As a result, they do not rely on any arbitrary modifications, and under the alternative hypotheses the test statistics diverge to + oo at a faster rate than nl/2.
Similar to the power analysis of consistent tests for a parametric functional form provided in Fan and Li (1992a), Hardle and Mammen (1993), one could also investigate the local power properties of the tests developed in this paper. Under some additional conditions, one can show that the tests proposed in this paper can detect sequences of local alternatives that differ from the respective null hypotheses by O((nhd/2)-1/2).
Hence, they are more powerful than those based on arbitrary modifications, because the latter can only detect local alternatives distant apart from the respective null by O(n-l'/4). To the best of our knowledge, the tests proposed in this paper are the first consistent tests for a partially linear model, a single index model, and omitted variables that possess this desirable property.
Another issue that deserves some discussion is the support of X. In this paper, we have assumed that the support of X is the whole Euclidean space Rd. One could easily show that the tests in this paper are still valid if the support of X is a finite convex subset of Rd and the density function of X vanishes on the boundary of its support. However, if the support of X is a compact subset of Rd and the density function of X is bounded away from zero on its support, then the tests presented in this paper need to be modified. In this case, some trimming method must be introduced to overcome the boundary effect. The simplest way of doing this is to introduce a fixed weight function such that the support of the weight is a proper subset of the support of X as in Fan and Li (1992b) . However, the resulting tests will be consistent only against the alternatives that differ from the null on the support of the weight function. In order for the tests to be consistent against all the alternatives, the weight function must change with respect to the sample size in such a way that its support approaches the support of X as the sample size n goes to + oo. where tf,n is a symmetric function that depends on n, X1,..., X,, are independent and identically distributed random variables (or vectors), and the sum E(n k) is taken over all subsets 1 < il < ... <ik < n of {1, 2,...,n}. We assume without loss of generality that Un has been 
Department of Economics

